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 In this document, the static bending of functionally graded porous (FGP) beam is studied under various 
boundary conditions and uniform load. Besides, finite element procedure is based on the simple Timoshenko 
beam theory. The effects of material properties like two types of porosity on bending behaviors are also 
considered. The solutions achieved in this document are given and evaluated with other solutions in the cited 
papers to check the feasibility in deployment the formula and creating the Matlab program. Furthermore, this 
document helps researchers to get some information about the bending behaviors of the proposed structures. 
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1. INTRODUCTION 

In this era, functionally graded (FG) material has become one of the 
advanced materials and it is applied in many different fields. It is 
commonly made from a mixture of ceramic and metal and provided the 
continuous variation of material properties from the top surface to the 
bottom surface of structure. For instance, in the defense industry, nuclear 
tanks, spacecraft, etc. are produced based on the above material (Almasi 
et al., 2016; Singh et al., 2021; Naebe and Shirvanimoghaddam, 2016; 
Singh and Rastogi, 2021). Due to the high applicability of functionally 
graded material, many studies related to various theories have been 
presented to comment the mechanical behavior of FG structures as (Beg 
and Yasin, 2021; Chen et al., 2015; Hoang, 2020; Hoang et al., 2021; Hoang 
et al., 2020; Ton-That et al., 2021). However, porosity of the material can 
occur during the manufacturing process (Cho et al., 2020; Martínez et al., 
2020; Xiong et al., 2021).  

So, an investigation related to this topic should be considered as soon as 
possible to have a good knowledge of porosity effect on mechanical 
behavior of FG structures. Based on three types of structure such as beam, 
plate and shell, researchers are usually interested in beam structures 
because of its wide actualizations. Furthermore, many individual beam 
theories were applied to calculate beam structures such as simple beam 
theory, classical beam theory, first-order shear deformation theory or 
third-order shear deformation theory (Katili, et al., 2020; Li, et al., 2013; 
Şimşek et al., 2013; Li, 2008; Wu et al., 2018; Yin et al., 2021; Singiresu, 
2018; Avhad and Sayyad, 2020; Kadoli et al., 2008; Ton-That, 2020). As 
expected, the simple Timoshenko beam model helps us to decrease the 
computational cost with the allowable error of results. Moreover, beams 
created by FG porous materials must be investigated as much as possible 
to guide the designer have right knowledge about the mechanical 
properties.  

Some cited papers on static bending analysis of FG beams can be listed 
here. Paper gave a new way to study the FG beams without porosity and 
with the shear deformation and rotary inertia (Li, 2008). Avhad and 

partner used higher order shear and normal deformation theory for static 
bending of functionally graded composite beams curved in elevation 
without porosity (Avhad and Sayyad, 2020). Governing equations in this 
paper were obtained using the principle of virtual work. Atmane et al. 
presented some behaviors of FG porous beams resting on elastic 
foundations such as bending, free vibration and buckling behavior via a 
well organized quasi-3D theory (Atmane, et al., 2017). Souhir et al. used a 
novel finite element beam model to present the impacts of porosity on 
bending behaviors of FG beams, etc (Zghal et al., 2020). Last but not least, 
this document is written to describe the bending behaviors of FG porous 
beams. The next three parts are shown in this document. Part 2 gives the 
deployments. Part 3 presents some solutions of FG porous beams. Finally, 
a few statements are written in Part 4 respectively. 

2. DEPLOYMENTS 

With length L, width b and thickness h, a beam based on FG porous 
material is now studied. By changing phases from ceramic to metal along 
the z direction, the parameter Vk of metal phase related to a power-law 
distribution can be depicted in 

( )
n

V = 0.5+z / h
k

 (1) 

V V+ =
k g

1  (2) 

where the power-law index is n. 

Regarding the production activity, porosities may exist as an imperfection 
in the FG beams. There are even and uneven distributions of porosity as 
described in Figure 1. By using the modified rule of mixture in which the 
porosity volume fraction, α, 0 ≤ α <1, affects averagely the material volume 
fraction of each constituent, the effective material properties of the FGP 
beam are then determined 
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With even phase, the porosity is uniformly distributed along the cross 
section of beam and with uneven phase, the porosity nearly appears in the 
middle surface of the cross section and vanished in the top or bottom 
surfaces.  
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Figure 1: FGP beam and two distributions 

Related to finite element analysis (FEA), the DOFs connected with a node 
of a simple Timoshenko beam element are w  and   as described in 

Figure 2. Besides, based on the simple Timoshenko beam theory, the 
stiffness matrix of element is formulated 
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with  

2

12 pt pt

pt sc pt pt

E I

G f A L
 =  (6) 

and the shear correct factor fsc takes the value 5/6.  

The equation of element can be written by using the principle of minimum 
total potential energy:  
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(7) 

After assembly, the transverse displacements and rotations at all nodes 
are achieved by: 

1
full full full

−u = S F  (8) 
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Figure 2: A Timoshenko beam element 

Three letters ‘F’, ‘S’ and ‘C’ are used to aim the free, simply supported as 

well as clamped condition. The combined boundary conditions (BCs) are 

shown in: 

(SS) (0) = (L) = 0w w  (9) 

(CS) (0) = = 0(0)w φ , (L) = 0w  (10) 

(CC) (0) = = 0(0)w φ , (L) = = 0(L)w φ  (11) 

(CF) (0) = = 0(0)w φ  (12) 

The finite element analysis is used in several steps: 

• Step 1: Saving geometric sizes and material parameters. 

• Step 2: Calculating constitutive matrix. 

• Step 3: Calculating stiffness matrix and force vector for element. 

• Step 4: Assembling all components. 

• Step 5: Connecting BCs. 

• Step 6: Solving equation of system for static bending. 

• Step 7: Display w  and   at all nodes of system.  

3. NUMERICAL SOLUTIONS 

Firstly, the convergence of this model is verified in simply supported (SS) 

FGP beam under a uniform load q = 106 N/m2. The material properties of 

beam is made of (Al/Al2O3) composite with all details as in Table 1. At 

position L/2, the dimensionless transverse displacement is formulated by 
3

4

E L
=100 ( )

2qL
w wk

h . The values of normalized deflection for FGP beams 

with L/h = 5, three values of porosity coefficient α = 0, 0.1 & 0.2 and power-

law index n = 2 are given in Table 2 and compared with other results from 

another beam theories of (Atmane et al., 2017; Zghal et al., 2020). 

Table 1: The input data 

(Al / Al2O3 ) 

Ek = 70 x 109 Pa, k = 0.3, k = 2702 kg/m3 

Eg = 380 x 109 Pa, g = 0.3, g = 3960 kg/m3 

 

Table 2: Solutions of w  for FG porous beams (SS) with L/h = 5 

and n = 2 

α 
(Zghal et al., 

2020) 
(Atmane et al., 

2017) 
Present 

0 5.20 5.35 5.35 

0.1 5.82 6.22 6.06 

0.2 6.63 7.38 6.97 

The solutions achieved from the document are completely approximate 

with other solutions. The error among them may be explained by the 

different beam theories used in all cited papers. In addition, the proposed 

result for each case of α is within the range of two solutions of Atmane et 

al. related to the refined plate theory for functionally graded beams and 

Zghal et al. based on the novel model for finite element analysis. Secondly, 

the changing of = ( = 0 L)→w w x  and φ along the length of (CC) FG 

porous beams with L/h = 5, α = 0.2 and two distributions of porosity are 

shown in Figures 3 & 4. When n increases, the values of w and φ also 

increase respectively. Moreover, the comparison of these values for two 

types of porosity is illustrated in Figure 5 & 6. Obviously the effect of even 

porosity outweighs that of uneven porosity.       
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Figure 3: The variation of w  and   along the length of (CC) FG porous 

beams with α = 0.2, even distribution and under uniform load 

 

Figure 4: The variation of w  and   along the length of (CC) FG porous 

beams with α = 0.2, uneven distribution and under uniform load 

 

Figure 5: The comparison of transverse displacements of (CC) FGP 

beams for two types of porosity 

 

 

Figure 6: The comparison of rotations of (CC) FGP beams for two types 
of porosity 

Thirdly, by changing the boundary condition from (CC) to (CS) and (CF), 
the bending results of FG porous beams can be seen in Figures 7-10. Once 
again, the effect of even porosity outweighs that of uneven porosity 
respectively.  

 

Figure 7: The variation of w  and   along the length of (CS) FG porous 

beams with α = 0.2, even distribution and under uniform load 

 

 

Figure 8: The comparison of transverse displacements of (CS) FGP 
beams for two types of porosity 
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Figure 9: The variation of w  and   along the length of (CF) FG porous 

beams with α = 0.2, even distribution and under uniform load 

 

Figure 10: The comparison of rotations of (CF) FGP beams for two types 
of porosity. 

 

Figure 11: The w  of (CC) FG porous beams with many values of α, 

even/uneven distribution and n = 5, 10, 15, 20, 25 & 30 

Finally, by varying the parameter α from 0 to 0.4, the solutions of the 

dimensionless transverse displacement = ( )
1 L

h 2
w w  at position L/2 of FG 

porous beams with (CC) are depicted in Figure 11 for two distributions of 
porosity. The deflection of FGP beam will increases when the porosity 
value increases and this comment still exists for all values of power-law 
index. 

4. CONCLUSION 

The static bending analysis of FG porous beams under two distributions of 
porosity and four kinds of BC are presented. The solutions of this 
document are in good agreement with other solutions in cited papers. 
Although the work is not new, the main purpose is to affirm the feasibility 
of the simple Timoshenko beam theory to study the FG porous beams with 
acceptable solutions. 
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